Abstract. We consider an integrable Hamiltonian system with n-degrees of freedom whose first integrals are invariant under the symplectic action of a compact Lie group G. We prove that the singular Lagrangian foliation associated to this Hamiltonian system is symplectically equivalent, in a Gequivariant way, to the linearized foliation in a neighborhood of a compact singular non-degenerate orbit. We also show that the non-degeneracy condition is not equivalent to the non-resonance condition for smooth systems.
Introduction
In this paper, we are interested in the geometry of integrable Hamiltonian systems on symplectic manifolds. When we refer to an integrable Hamiltonian system, we mean that it is integrable in the sense of Liouville. That is to say, the system is given by a moment map F on (M 2n , ω),
(1.1) F = (F 1 , . . . , F n ) : (M 2n , ω) → R n with {F i , F j } = 0 for any i, j. The Hamiltonian system considered will be called smooth or real analytic if the corresponding moment map is so. Let X = X H be the Hamiltonian vector field associated to a given function H, we say that this Hamiltonian vector field is integrable if there exists a moment map with F 1 = H. In our approach to the study of the integrable Hamiltonian system, the original Hamiltonian function defining the system will be left aside and our study will be focused on the singular Lagrangian fibration given by the level sets of the moment map. This moment map generates an infinitesimal Poisson R n -action on (M 2n , ω) via the Hamiltonian vector fields X F1 , . . . , X Fn . Denote by O an orbit of this R naction. We will assume that O is a closed submanifold (i.e. compact without boundary) of (M 2n , ω). Then it is well-known that O is diffeomorphic to a torus since the vector fields X F1 , . . . , X Fn are complete on O, and O is a quotient of the Abelian group R n by a cocompact subgroup. The complete integrability of Hamiltonian systems is an old problem. In the XIX century, Joseph Liouville [10] proved that if a Hamiltonian system has n integrals in involution then it is integrable by quadratures. To our knowledge, Henri Mineur was the first who gave a complete description, up to symplectomorphism, of the Hamiltonian system in a neighborhood of a compact regular orbit of dimension n. In his papers [11, 12, 13] , it is proven that under the previous assumptions, there is a symplectomorphism φ from a neighborhood (U(O), ω) of O in (M 2n , ω) to (D n × T n , n 1 dν i ∧ dµ i ), where (ν 1 , ..., ν n ) is a coordinate system on a ball D n , and (µ 1 (mod1), ..., µ n (mod1)) is a periodic coordinate system on the torus T n , such that φ * F is a map which depends only on the variables ν 1 , ..., ν n . The functions q i = φ * µ i on U(O) are called angle variables, and the functions p i = φ * ν i are called action variables.
Although the works of Henri Mineur date back to the thirties, the theorem stated above has been known in the literature as Arnold-Liouville theorem.
Mineur [11, 13] also showed that the action functions p i can be defined via period integrals:
Here β is a primitive 1-form of the symplectic form, i.e. dβ = ω, and Γ i (x) for each point x near O is a closed curve which depends smoothly on x and which lies on the Liouville torus containing x. The homology classes of Γ 1 (x), ..., Γ n (x) form a basis of the first homology group of the Liouville torus. The above important formula for finding action functions will be called Mineur's formula. It can be used to find action functions and hence torus actions and normalization not only near regular level sets of the moment map, but also near singular level sets as well, see e.g. [18, 19] . In particular, in [19] this Mineur's formula was used in the proof of the existence of a local analytic Birkhoff normalization for any analytic integrable Hamiltonian system near a singular point. The above-mentioned action-angle coordinates entail a "uniqueness" for the symplectic structure and the regular Lagrangian fibration in a neighbourhood of a compact orbit. In fact, they provide a "linear model" in a neighbourhood of a regular compact orbit. In the same spirit, the aim of the present paper is to establish an analog of this classical Mineur-Arnold-Liouville theorem for the case when the orbit O is singular, i.e. is of dimension m = dim O smaller than n, under a natural nondegeneracy condition. We will show that the system can be "linearized" near O up to fibration-preserving symplectomorphisms. The fibration in question is the singular Lagrangian fibration given by the moment map. We also take into account the possible symmetries of the system. Namely, we will show that in the case there exists a symplectic action of a compact Lie in a neighborhood of O preserving the moment map, this linearization can be carried out in an equivariant way.
Preliminaries and statement of the main results
2.1. Nondegenerate orbits. In this paper, the orbit O is assumed to be nondegenerate. Let us recall what it means (see, e.g., [17] ). A point x ∈ M 2n is called singular for the system if its rank, i.e. the rank of F at x, is smaller than n. If rank x = m then m is also the dimension of the orbit through x of the local Poisson R n action. If rank x = 0, i.e. x is a fixed point, then the quadratic parts F (2) 1 , ..., F (2) n of the components F 1 , ..., F n of the moment map at x are Poissoncommuting and they form an Abelian subalgebra, A, of the Lie algebra Q(2n, R) of homogeneous quadratic functions of 2n variables under the standard Poisson bracket. Observe that the algebra Q(2n, R) is isomorphic to the symplectic algebra sp(2n, R). A point x will be called a non-degenerate fixed point if A is a Cartan subalgebra of Q(2n, R).
More generally, when rank x = m ≥ 0, we may assume without loss of generality that dF 1 ∧ ... ∧ dF m (x) = 0, and a local symplectic reduction near x with respect to the local free R m -action generated by the Hamiltonian vector fields X F1 , ..., X Fm will give us an m-dimensional family of local integrable Hamiltonian systems with n−m degrees of freedom. Under this reduction, x will be mapped to a fixed point in the reduced system, and if this fixed point is nondegenerate according to the above definition, then x is called a nondegenerate singular point of rank m and corank (n − m). The orbit O will be called nondegenerate if it contains a nondegenerate singular point. In fact, if a point in O is nondegenerate then every point of O is nondegenerate because nondegeneracy is a property which is invariant under the local Poisson R n -action.
2.2.
The Williamson type of an orbit. According to [17] we will define the Williamson type of a nondegenerate singular point x ∈ O as a triple of nonnegative integers (k e , k h , k f ), where k e (resp., k h , k f ) is the number of elliptic (resp., hyperbolic, focus-focus) components of the system at x. Let us recall what k e , k h and k f stand for. When rank x = 0, a generic linear combination of the linear parts of the Hamiltonian vector fields X F1 , ..., X Fn at x has k e pairs of purely imaginary eigenvalues, k h pairs of real eigenvalues, and k f quadruples of non-real non-purelyimaginary complex eigenvalues (note that the set of eigenvalues is symmetric with respect to the real axis and the imaginary axis). If rank x = 0, we can perfom a symplectic reduction first and the values of k e , k h and k f coincide with the values of k e , k h and k f at the point corresponding to x in the reduced space. In particular, we have (mod1) , ..., q m (mod1)) a standard periodic coordinate system of the torus T m , and (x 1 , y 1 , ..., x n−m , y n−m ) a linear coordinate system of a small ball D 2(n−m) of dimension 2(n − m). Consider the manifold
with the standard symplectic form dp i ∧ dq i + dx j ∧ dy j , and the following moment map:
Let Γ be a group with a symplectic action ρ(Γ) on V , which preserves the moment map (p, h). We will say that the action of Γ on V is linear if it satisfies the following property:
m is trivial, its action on T m is by translations (with respect to the coordinate system (q 1 , ..., q m )), and its action on D 2(n−m) is linear with respect to the coordinate system (x 1 , y 1 , ..., x n−m , y n−m ).
Suppose now that Γ is a finite group with a free symplectic action ρ(Γ) on V , which preserves the moment map and which is linear. Then we can form the quotient symplectic manifold V /Γ, with an integrable system on it given by the same moment map as above:
of the above system. We will call the above system on V /Γ, together with its associated singular Lagrangian fibration, the linear system (or linear model) of Williamson type (k e , k f , k h ) and twisting group Γ (or more precisely, twisting action ρ(Γ)). We will also say that it is a direct model if Γ is trivial, and a twisted model if Γ is nontrivial.
A symplectic action of a compact group G on V /Γ which preserves the moment map (p 1 , ..., p m , h 1 , ..., h n−m ) will be called linear if it comes from a linear symplectic action of G on V which commutes with the action of Γ. In our case, let G ′ denote the group of linear symplectic maps which preserve the moment map then this group is abelian and therefore this last condition is automatically satisfied. In fact
the direct product of k e special orthogonal groups SO(2, R), G 2 the direct product of k h components of type SO(1, 1, R) and G 3 the direct product of k f components of type R × SO(2, R), respectively. Now we can formulate our main result, which is the equivariant symplectic linearization theorem for nondegenerate singular orbits of integrable Hamiltonian systems: Theorem 2.1. Under the above notations and assumptions, there exists a finite group Γ, a linear system on the symplectic manifold V /Γ given by (2.1,2.2,2.3,2.4), and a smooth Lagrangian-fibration-preserving symplectomorphism φ from a neighborhood of O into V /Γ, which sends O to the torus {p i = x i = y i = 0}. The smooth symplectomorphism φ can be chosen so that via φ, the system-preserving action of the compact group G near O becomes a linear system-preserving action of G on V /Γ. If the moment map F is real analytic and the action of G near O is analytic, then the symplectomorphism φ can also be chosen to be real analytic. If the system depends smoothly (resp., analytically) on a local parameter (i.e. we have a local family of systems), then φ can also be chosen to depend smoothly (resp., analytically) on that parameter.
Remarks. 1)
In the case when O is a point and G is trivial, the above theorem is due to Vey [16] in the analytic case, and Eliasson [6, 7] in the smooth case. The smooth one-degree-of freedom case is due to Colin de Verdière and Vey [1] 2) In the case when O is of elliptic type and G is trivial, the above theorem is due to Dufour and Molino [5] and Eliasson [7] .
3) The analytic case with G trivial of the above theorem is due to Ito [9] .
4) The case with n = 2, m = 1, O of hyperbolic type and G trivial is due to Colin de Verdière and Vu Ngoc San [2] , and Currás-Bosch and the first author [4] .
The symplectic uniqueness for the linear twisted hyperbolic case is not completely established in [4] . A complete proof for the twisted hyperbolic case when n = 2 and m = 1 was given by Currás-Bosch in [3] . The general smooth non-elliptic case seems to be new. 5) A topological classification for nondegenerate singular fibers of the moment map (which contain nondegenerate singular orbits but are much more complicated in general) was obtained in [17] , together with the existence of partial action-angle coordinate systems. However, the problem of classification up to symplectomorphisms of singular orbits or singular fibers was not considered in that paper. 6) As it was already pointed out by Colin de Verdière and Vu Ngoc San, the above theorem has direct applications in the problem of semiclassical quantization of integrable Hamiltonian systems. Of course, it is also useful for the global study of integrable Hamiltonian systems and their underlying symplectic manifolds.
The paper is organized as follows: in section 3 we study the case of a fixed point and give the corresponding G-equivariant result. As a by-product, we prove that the group of symplectomorphisms preserving the system is abelian. In section 4 we prove the general case. In the appendix we show that the non-degeneracy condition is not equivalent to the non-resonance condition for smooth systems.
The case of a fixed point
In this section we consider the case when O is a point. In this case, the results of Eliasson [6, 7] (for smooth systems) and Vey [16] (for real analytic systems) show that there is a fibration-preserving symplectomorphism from a neighborhood of O in (M 2n , ω, F) to a neighborhood of the origin of the linear system (R 2n ,
, where h = (h 1 , ..., h n ) is the quadratic moment map given by Formula (2.3). If the compact symmetry group G in Theorem 2.1 is trivial, then we are done. Suppose now that G is nontrivial. We can (and will) assume that the singular Lagrangian fibration near O is already linear. We will refer to this Lagrangian fibration as F . It remains to linearize the action of G in such a way that the fibration remains the same.
Let us fix some notation that we will use throughout the paper. The vector field X Ψ will stand for a Hamiltonian vector field with associated Hamiltonian function Ψ. We will denote by φ s Xt the time-s-map of the vector field X t . Let ψ be a local diffeomorphism ψ : (R 2n , 0) → (R 2n , 0). In the sequel, we will denote by ψ (1) the linear part of ψ at 0. That is to say,
. In this section we will linearize the action of G using the averaging method and a lemma about local automorphisms of the linear integrable system (R 2n ,
But first let us recall this well-known sublemma which will be useful later. the time-s-map of X G1 and X G2 respectively. Then
) and X G1 and X G2 are tangent to the Lagrangian fibration F then {G 1 , G 2 } L = 0 for any regular fiber L of F . On the other hand, since the set of regular fibers is dense and X G1 and X G2 are also tangent along the singular fibers, the bracket {G 1 , G 2 } vanishes everywhere.
This implies in turn that [X G1 , X G2 ] = 0 and therefore
, ∀s, t.
. Due to 3.1, α s is a one-parameter subgroup. It remains to compute the infinitesimal generator.
Since
setting s = 0 this expression implies that the infinitesimal generator of α s is X G1 + X G2 .
In particular this proves that
, ∀s.
is a local symplectic diffeomorphism of R 2n which preserves the quadratic moment map h = (h 1 , ..., h n ). Then the linear part ψ (1) is also a system-preserving symplectomorphism, and there is a unique local smooth function Ψ : (R 2n , 0) → R vanishing at 0 which is a first integral for the linear system given by h and such that ψ (1) • ψ −1 is the time-1 map of the Hamiltonian vector field X Ψ of Ψ. If ψ is real analytic then Ψ is also real analytic.
Proof
We are going to construct a path connecting ψ to ψ (1) 
Observe that in case ψ is smooth, this mapping S ψ t is smooth and depends smoothly on t. In case ψ is real analytic, the corresponding S ψ t is also real analytic and depends analytically on t.
First let us check that h • S ψ t = h when t = 0. We do it component-wise.
where in the first and the last equalities we have used the fact that each component h j of the moment map h is a quadratic polynomial whereas the condition h • ψ = h yields the second equality. Now we check that (S
So far we have checked the conditions h • S ψ t = h and (S ψ t ) * (ω) = ω when t = 0 but since S ψ t depends smoothly on t we also have that h • S 0 ψ = h and
So, in particular, we obtain that S ψ 0 = ψ (1) preserves the moment map and the symplectic structure and therefore ψ (1) is also contained in G. Now consider
with t ∈ [0, 1], this path connects the identity to ψ (1) • ψ −1 and is contained in G. We are going to use this path to define a Hamiltonian vector field such that its time-1-map is ψ (1) • ψ −1 . First, we consider the t-dependent vector field X t satisfying
with t ∈ [0, 1] . Since R s is a symplectomorphism for any s contained in [0, 1], the vector field X t is locally Hamiltonian. Then the vector field
is also locally Hamiltonian. Since the symplectic manifold considered is a neighbourhood U of the origin, the vector field X is indeed Hamiltonian in U . There is a unique local Hamiltonian function Ψ associated to X satisfying Ψ(0) = 0. This Hamiltonian function is a first integral for the system since {Ψ, h i } = 0. If ψ is real analytic (respectively differentiable) X t is also real analytic (respectively differentiable) and the same property holds for Ψ. It remains to check that the time-1-map of X is ψ (1) • ψ −1 . We are going to prove that the time-1-map of the vector field X coincides with R 1 by performing a partition of the interval [0, 1] into n pieces and then approximating the integral by a sum.
First observe that formula 3.2 shows that the vector X 1− So in fact,
In other words,
. After refining the initial partition if necessary, we can particularize s = 1 n to obtain (3.6)
Since R 1 can be written as,
we can perfom the necessary substitutions of 3.6 in 3.7 and we are led to (3.8)
Assuming that here stands for the composition of diffeomorphisms, we can write this expression in a reduced form as
Observe that the vector field X t is tangent to the fibration F for any t contained in [0, 1] because the diffeomorphisms R s preserve the fibration F , ∀s. On the other hand, each vector field X t is Hamiltonian. Therefore we may apply sublemma 3. 
Since the time-1-map of X n and the time- , we obtain,
This identity shows that R 1 = φ 1 X and this ends the proof of the lemma.
By abuse of language, we will denote the local (a priori nonlinear) action of our compact group G on (R 2n ,
For each element g ∈ G, denote by X Ψ(g) the Hamiltonian vector field whose time-1 map is ρ(g) (1) • ρ(g) −1 , where ρ(g) (1) denotes the linear part of ρ(g), as provided by the previous lemma.
Consider the averaging of the family of vector fields X Ψ(g) over G with respect to the Haar measure dµ on G. That is to say,
This vector field is Hamiltonian with Hamiltonian function G Ψ(g)dµ. Denote by Φ G the time-1 map of this vector field X G .
Proof.
Since Φ G is the time-1 map of a Hamiltonian vector field then it is a diffeomorphism satisfying Φ * G (ω) = ω. Therefore it defines a local symplectic variable transformation. Let us check that this transformation linearizes the action of G. We want to show that for any h ∈ G the following relation is fulfilled Φ G •ρ(h) = ρ(h) (1) •Φ G . From the definition of Φ G and formula 3.12,
Now we write,
Using the linearity of ρ(h) (1) and the fact that ρ stands for an action, the expression above can be written as,
Finally this expression equals Φ G due to the left invariance property of averaging. So Φ G • ρ(h) = ρ(h) (1) • Φ G and this ends the proof of the lemma.
Remark. A fortiori, one can show that any analytic action of a compact Lie group
) must be linear (so no need to linearize). Only in the smooth non-elliptic case that the action of G may be nonlinear. And even in the smooth case, if G is connected then its action is also automatically linear.
be the group of germs of smooth symplectomorphisms that preserve ω and h, i.e the symmetry group for the system. We will denote by G ′ the subgroup of linear transformations contained in G. As we have observed in the introduction, this group is abelian.
A direct consequence of lemma 3.2 is that any two diffeomorphisms contained in G whose linear part is the identity commute. In fact, this property extends to the whole G. This is the content of the proposition below.
Before stating the proposition, let us point our some general observations which we will apply later.
Let f be a diffeomorphism and let X be a vector field, we denote by f * and f * the push-forward and pullback associated to f . Recall that the following formula holds
Now let f be a diffeomorphism contained in G ′ . In particular f * (ω) = ω. Therefore the above formula shows that the pushforward of a Hamiltonian vector field is also a Hamiltonian vector field. In fact, f * (X Ψ ) = X Ψ•f −1 .
Proposition 3.4. The group G is abelian.
Proof
We will prove that any two diffeomorphisms contained in G commute by stages. First we prove that any diffeomorphism ψ contained in G commutes with any linear transformation A contained in G ′ . We will denote by G In order to do that we start by observing that since the vector field X Ψ is tangent to the fibration F then {Ψ, h i } = 0.
Let us assume first that there are no hyperbolic components among the h i . Then according to Vey [16] for an analytical h and Eliasson [6] (Proposition 1) in the differentiable case, we can assert that Ψ = φ(h 1 , . . . , h n ) being φ an analytical (respectively differentiable) function.
In the case there are hyperbolic components this assertion is no longer true for differentiable functions as was observed by Eliasson in [6] . But the property remains true if we restrict Ψ to each orthant. We label each orthant with an n-tuple of signs (ǫ 1 , . . . , ǫ 2n ), ǫ i ∈ {−1, +1} following the convention ǫ i = +1 if x i ≥ 0 and ǫ i = −1 if x i ≤ 0. Then we can assert that Ψ restricted to each orthant is a function φ (ǫ1,...,ǫ2n) (h 1 , . . . , h n ).
After making this distinction, observe that in both cases since A −1 belongs to the connected component of the identity G, then it leaves the connected components of the fibration F invariant. Therefore, the transformation A −1 leaves the function Ψ invariant when restricted to each orthant. So in fact, Ψ • A −1 = Ψ and the vector fields Y and X Ψ coincide. As a consequence their flows coincide as well.
Recall that if X is a vector field whose flow is φ X then for any diffeomorphism the flow of (f * )X is f • φ X • f −1 . The same is true replacing flows by time-1-maps. Therefore, since Y = X Ψ we obtain the following relation
But since A and ψ (1) commute this expression reads
which leads to the commutation of A with ψ. If A does not belong to G ′ 0 then we can write (3.13)
with B belonging to G ′ 0 and for certain diagonal matrices I 2r,2r+1 whose entries a ij satisfy the following relations a 2r,2r = −1, a 2r+1,2r+1 = −1 and a i,i = 1 i = 2r , i = 2r + 1. It can be checked that the linear transformations of type I 2k,2k+1 commute with any diffeomorphism contained in G. Now since G ′ is abelian the expression 3.13 shows that the linear transformation A commutes with any ψ contained in G.
In particular, taking A = ψ
(1) −1 we obtain that ψ commutes with ψ (1) . And as a consequence, given two diffeomorphisms ψ 1 and ψ 2 contained in G the diffeomorphisms f = (ψ
2 ) −1 , commute because they are the time-1-map of Hamiltonian vector fields.
Finally we are going to show that any two diffeomorphisms ψ 1 and ψ 2 contained in G commute.
We can write, (3.14)
As we have explained before, the diffeomorphisms within brackets commute and this expression reads,
Due to the commutation of any linear transformation contained in G ′ with any diffeomorphims contained in G, we can write this expression as,
′ is abelian the expression above equals ψ 2 • ψ 1 and therefore coming back to equation 3.14, ψ 1 and ψ 2 commute.
This completes the proof of the proposition.
The general case
Suppose now that dim O = m > 0. For the moment, we will forget about the group G, and try to linearize the system in a non-equivariant way first.
As was shown in [17, 18] (in slightly different contexts), there is a locally free system-preserving torus T m -action in a neighborhood of O. This action can be found by using either Mineur's formula (1. The symplectic form ω, the moment map F and its corresponding singular Lagrangian fibration, and the action functions p 1 , ..., p m can be pulled back to U(O). We will use to denote the pull-back: for example, the pull-back of O is denoted by O, and the pull-back of p 1 is denoted by p 1 . The free action of Γ on U(O) commutes with the free T m -action. By cancelling out the translations (symplectomorphisms given by the T m -action are called translations), we get another action of Γ on U(O) which fixes O. We will denote this later action by ρ ′ . Take a point x ∈ O, a local disk P of dimension (2n − m) which intersects O transversally at x and which is preserved by ρ ′ . Denote byq 1 , ...q m the uniquely defined functions modulo 1 on U(O) which vanish on P and such that X i (q i ) = 1,
.., p m = const.} ∩ P near x has an induced symplectic structure, induced singular Lagrangian fibration of an integrable Hamiltonian system with a nondegenerate fixed point, which is invariant under the action ρ ′ of Γ. Applying the result of the previous Section, i.e. Theorem 2.1 in the case with a fixed point, compact symmetry group Γ, and parameters p 1 , ..., p m , we can define local functions x 1 , y 1 , ..., x n−m , y n−m on P , such that they form a local symplectic coordinate system on each local disk { p 1 = const., ..., p m = const.} ∩ P , with respect to which the induced Lagrangian fibration is linear and the action ρ ′ of Γ is linear. We extend x 1 , y 1 , ..., x n−m , y n−m to functions on U(O) by making them invariant under the action of T m . Define the following symplectic form on U(O):
Consider the difference between ω and ω 1 :
Lemma 4.1. There exist functions g i in a neighborhood of O in U(O), which are invariant under the T m -action, and such that
Proof. By definition of ω 1 , the vector field X i is also the Hamiltonian vector field of p i with respect to ω 1 . Thus we have X i ( ω 1 − ω) = 0 and X i d( ω 1 − ω) = 0. In other words, ω 1 − ω is a basic 2-form with respect to the fibration given by the orbits of the T m -action, i.e. it can be viewed as a 2-form on the (2n − m)-dimensional space of variables ( p 1 , ..., p m , x 1 , y 1 , . .., x n−m , y n−m ). Moreover, by construction, the restriction of ω 1 on each subspace { p 1 = const., ..., p m = const.} coincides with the restriction of ω on that subspace. Thus we can write
where each α i is an 1-form in variables ( p 1 , ..., p m , x 1 , y 1 , ..., x n−m , y n−m ). We have that
, which implies that the restriction of α i on each subspace { p 1 = const., ..., p m = const.} is closed (hence exact), so we can write α i
where β i and c ij are functions of variables ( p 1 , ..., p m , x 1 , y 1 , . .., x n−m , y n−m ). Thus
, and the functions c ij − c ji are independent of the variables ( x 1 , y 1 , ..., x n−m , y n−m ). Thus we can write
where γ i are functions of variables ( p 1 , ..., p m ). Now put
Consider the g i given by the lemma and define
Then with respect to the coordinate system ( p i , q i , x j , y j ), the symplectic form ω has the standard form, the singular Lagrangian fibration is linear, and the free action of Γ is also linear.
Remark.
Let us outline another proof for this fact without using the lemma.
Assume that we have constructed the system of coordinates
as before. Let D R be the symplectic distribution
and let D S be the distribution symplectically orthogonal to D R . Thus, we can write
It is easy to check that D S is an involutive distribution. Denote by N p S the integral manifold of D S through the point p then ω S |p = ω N p S |p. We can apply Theorem 2.1 to each N p S to obtain a new system of coordinates x 1 , y 1 , . . . , x n−m , y n−m in a neighborhood of the origin such that
Finally, in the system of coordinates p 1 ,q 1 , x 1 , y 1 , . . . , p m ,q m x n−m , y n−m , the symplectic form ω has the standard form, the singular Lagrangian fibration is linear, and the free action of Γ is also linear.
Thus we have shown that the original singular Lagrangian fibration near O is symplectically equivalent to a linear model (direct if Γ is trivial and twisted if Γ is nontrivial).
As was observed in the introduction, the group of all linear automorphisms (i.e. linear moment map preserving symplectomorphisms) of the linear direct model of Williamson type (k e , k h , k f ) is isomorphic to the following Abelian group:
In particular, Γ is necessarily a subgroup of (Z/2Z) k h . (It comes from involutions of hyperbolic components, and it does not mix the components).
When the compact symmetry group G is nontrivial, we can use the same averaging method as in the previous Section to conclude the proof of Theorem 2.1.
Nonresonance versus nondegeneracy
As pointed out by Ito [8, 9 ] (see also [19] ), in the real analytic case, the nondegeneracy condition explained in the introduction this paper is essentially equivalent to the nonresonance condition. However, in the smooth case, this is no longer true: smooth integrable systems which are nonresonant at a singular point can be very degenerate at that point at the same time. In particular, we have:
Proposition 5.1. Let γ 1 , ..., γ n be any n-tuple of positive numbers which are linearly independent over Z, n ≥ m + 2, m ≥ 0. Then, there is a smooth integrable Hamiltonian function H in a neighborhood of the (elliptic invariant) torus
+ y 2 i ) + higher order terms at T m , and such that H does not admit a C 1 -differentiable local Birkhoff normalization near T m (i.e. the corresponding Lagrangian fibration cannot be linearized). Moreover, this integrable Hamiltonian function H can be chosen so that it does not admit a non-trivial symplectic S 1 -symmetry near T m .
In the above proposition, by integrability of H we mean the existence of a smooth moment map (F 1 , ..., F n ) from a neighborhood of
, and dF 1 ∧ ... ∧ dF n = 0 almost everywhere. By "higher order terms" in H we mean terms which are at least quadratic in variables p i , or cubic in variables p i , x i , y i . According to Sard's theorem (about the set of singular values) and Liouville's theorem, almost all common level sets of such a moment map are Liouville tori. The condition that γ 1 , ..., γ n are independent over Z means that T m × {0} × {0} is an nonresonant invariant elliptic torus of the Hamiltonian H. Recall that if there is a differentiable Birkhoff normal form, then (since we are in the elliptic case), the system also admits a Hamiltonian T n -symmetry near the elliptic singular orbit. Thus, if the system does not admit a non-trivial S 1 -symmetry near T m , then of course it cannot admit a differentiable Birkhoff normal form.
The proof of Proposition 5.1 is inspired by what happens to generic perturbations of integrable systems: resonant tori that break up and give way to smallerdimensional invariant tori, homoclinic orbits, diffusion, etc. Usually this breaking up of resonant tori leads to a chaotic behavior of the system, see, e.g., [15] . In order to prove Proposition 5.1, we will construct an integrable perturbation of the quadratic Hamiltonian First let us consider the case with m = 0 (i.e. a fixed point). Our construction of H in this case consists of two steps.
Step 1. Creation of resonant regions. Choose a smooth function Q(I 1 , ..., I n ) of n variables I 1 , ..., I n with the following properties: a) Q(0) = 0, and the linear part of Q at 0 is
.., I n > 0}, which tend to 0 (in Hausdorff topology) as k → ∞, such that we have
Of course, such a function exists, and it can be chosen to be arbitrarily close to γ k i I i in C ∞ -topology. Now put Step 2. Creation of hyperbolic singularities. We will modify H 1 inside each open subset V k by a C ∞ -small function which is flat on the boundary of V k , in such a way that after the modification our Hamiltonian function remains integrable inside V k but admits an hyperbolic singularity there. Since H 1 has periodic flow in V k for each k, we can create a common model and then put it to each V k after necessary rescalings. The model can be done for a 2-dimensional system depending on n − 1 parameters, and then take a direct product of it with T n−1 . In the 2-dimensional case, it is obvious how to change a regular function on D 1 × S 1 into a function with a hyperbolic singularity by a C ∞ -small perturbation. After the above modifications, we obtain a new smooth Hamiltonian function H 2 , which is C ∞ -close to H 1 , which coincides with H 1 outside the union of V k , and which is still smoothly integrable (though smooth first integrals for H 2 will necessarily be very degenerate at 0). Note that, by construction, the quadratic part of H 2 at 0 is
Since H 2 has hyperbolic singularities arbitrarily near 0, it cannot admit a differentiable Birkhoff normal form in a neighborhood of 0, for simple topological reasons concerning the associated Liouville foliation. It is also easy to see that H 2 cannot admit an S 1 symmetry near 0: if there is a symplectic S 1 -action in a neighborhood of 0 which preserves H 2 , then this action must also preserve the hyperbolic periodic orbits of H 2 in the resonant regions V k . This, in turn, implies that there is a natural number N such that N γ k i ∈ Z , ∀k, i, which is impossible by our construction.
Let us now consider the case m ≥ 1. For simplicity, we will assume that m = 1. (The case m > 1 is absolutely similar). We will repeat the above two steps to create hyperbolic singularities, but with n replaced by n − 1 (recall that by hypothesis n ≥ m + 2 so n − 1 ≥ 2). The regions V k now lie in R 2n−2 , and H 2 = Denote by φ the time-1 map of the Hamiltonian vector field X F of F on R 2n−2 . Observe that φ is a symplectomorphism formally equivalent to the identity map at 0, and that in each region V k the map φ generates a nontrivial Z/kZ symmetry (i.e. the k-times iteration of φ in V k is the identity, and the lower iterations are not). Now we can construct H 2 in such a way that in each region V k it is also invariant under the Z/kZ symmetry generated by φ. Then, since H 2 = H 1 outside of the sets V k , and {H 1 , F } = 0 by construction, the map φ preserves H 2 everywhere in R 2n−2 . We now construct our symplectic manifold using suspension. More precisely, consider the free component-wise symplectic action of Z on R 2 × R 2n−2 , where the action of Z on R 2n−2 is generated by φ, and its action on R 2 (with coordinates (p, q) and symplectic form dp ∧ dq) is generated by the shift (p, q) → (p, q + 1). Then the suspension of φ is the quotient of R 2 × R 2n−2 by this Z-action. Denote this quotient by M . We denote by L the circle in M corresponding to the line p = 0 in the initial R 2 × R 2n−2 and by V k the region corresponding to R 2 × V k . Observe that function H 2 is φ-invariant and both functions, H 2 and p, are invariant by the shift therefore H 3 = γ1 π p + H 2 can be projected to M . We denote by H 3 the projection of H 3 . Since H 3 is integrable on R 2 × R 2n−2 and the action defining the suspension is symplectic, the function H 3 defines an integrable Hamiltonian system on M . We denote by L k an orbit of X H3 through an hyperbolic singularity of H 2 in the region V k . Let us see that there is no symplectic S 1 action preserving H 3 in a neighborhood of L. Assume there existed one, then the orbits of X H3 would also be preserved by this action. Given an action of a Lie group, we use the standard notation G x for the isotropy group of the action and G · x for the orbit through the point x.
According to the Slice Theorem [14] for proper group actions: a neighborhood of an orbit for a proper group action is G-equivariantly diffeomorphic to a neighborhood of the zero section of the homogeneous vector bundle E = G × Gx F , where F = T x (W )/T x (G.x) and the linear action of G x in F is the slice representation.
Let us outline two important consequences of the Slice theorem which we are going to use to reach a contradiction:
(1) The projection π from the vector bundle E to the zero section is G-equivariant.
In particular, π projects orbits through a point in a neighborhood of x to G.x in a G-equivariant fashion. (2) The orbit type decomposition of the manifold is locally finite. Now let us go back to our action. Applying the first consequence of the slice theorem: Since the action of S 1 preserves the orbits of X H3 , by construction the isotropy group for this action at a point in L k must contain Z/kZ. Since k tends to infinity as we are approaching the origin the number of non-isomorphic isotropy groups for this action of S 1 in a neighborhood of the origin would be infinite and the orbit type decomposition of the manifold would not be locally finite.
This ends the proof of the proposition.
